This paper deals with the notion of continuity in ordered generalized topological spaces. We also characterize general topological spaces satisfying the Hausdorff property via the graph of the preorder assigned to the general topological space.
Introduction
By a generalized topology ( briefly GT) on X [1], we mean a subset µ of the power set exp X, of X such that ∅ ∈ µ and arbitrary union of elements of µ belongs to µ. The elements of µ are said to be µ-open, their compliments are said to be µ-closed. Clearly, each topology is a GT, but not conversely. As a generalization of the concept of a Hausdorff topology, we shall say that a GT, written (X, µ) is Hausdorff if for distinct points x and y in X there exists disjoint µ-open sets U and V containing x and y, respectively. By (X, µ, ≤) we mean a GT together with a preorder. Let A be a subset of X, let i(A) = ∪ x∈A x ↑ , where x ↑ = {y ∈ X :
Clearly, we have A ⊆ i(A) and A ⊆ d(A) for all A ⊆ X. We say that a subset A of X is increasing
. If the preorder is discrete, then (X, µ, ≤) is just a GT, as in the literature, see for example [1] [2] . We shall simply write OGT, for a ordered generalized topological space (X, µ, ≤). Now let G = {(x, y) : x ≤ y}. Then G is a subset of X × X, we shall refer to G as the graph of the preorder. We shall say that a subset G is closed if
where U and V contain x and y, respectively. We shall say that the preorder on
Results
Let A be a subset of X. We denote the µ-closure of A by c µ A, and recall:
Further B is µ-closed, that is X − B ∈ µ because x ∈ X − B if and only if there is U x ∈ µ such that x ∈ U x and U x ∩ A = ∅ and then y ∈ U x implies that y ∈ X − B so that
Clearly, for a subset A of (X, µ) we have A ⊂ c µ A. Also, c µ A is µ-closed. To see this just note that the µ-closure of A is the intersection of all µ-closed supersets of A in X. Therefore, the complement of the µ-closure of A is µ-open, being an arbitrary union of members of µ.
Example 2.2. Let X = {1, 2, 3} and define µ = {∅, {1, 2}, {2, 3}, {1, 2, 3}}. Then (X, µ, ≤) is an OGT , where the preorder is induced from N but it is not an ordered topological space. Also, for the subset A = {3} we have c µ A = A.
We shall need the following:
Proof. Let (X, µ) be a GT, and A and B be subsets of X such that A ⊆ B. If x ∈ c µ A, then by Lemma 2.1, there exists U x ∈ µ containing x such that U x ∩ A = ∅. Since A ⊆ B, we have U x ∩ B = ∅. Therefore x ∈ c µ B. This shows that c µ A ⊆ c µ B.
We will say that (X, µ, ≤) is µ-continuous (ii) Let (X, µ, ≤) be continuous and A be a subset of X. Then c µ i(A) is µ-closed, so is that
This implies that
.
On the other hand, it is clear that X − i(G) ⊆ c µ (X − i(G)) and hence 
Since z ∈ U , there exists a point x ∈Ú such that x ≤ z. Also, z ∈ V gives a point y ∈V , such that z ≤ y. Hence, x ≤ y follows from the fact that the "≤" is a preorder on X. On the other hand x ∈Ú and y ∈V implies that x ≤ y is false. So we arrive at a contradiction. We conclude that U ∩ V = ∅. Conversely, assume that G is not closed, then find (a, b) in the µ-closure of G, such that (a, b) / ∈ G. Then consider the sets U and V containing a and b, increasing and decreasing, respectively.
So, find u ∈ U and v ∈ V such that (u, v) ∈ G and u ≤ v. From u ∈ U and u ≤ v results that v ∈ U , since U is increasing; thus V belongs to both U and V , that is U and V are not disjoint. Proof. Suppose that the preorder is closed that is its graph G is closed. Let a ∈ X. If b ∈ X −i(a), then a ≤ b is false. By Theorem 2.6, there exists an increasing µ-open set U containing a and a decreasing µ-open set V containing b such that U and V are disjoint. Now i(a) ⊂ U implies that W ∩ i(a) = ∅ this shows that i(a) is closed.
